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Ionization Around a High-Voltage Body
in Magnetized Nonflowing Ionospheric Plasma

Mengu Cho*
Kyushu Institute of Technology, Tobata-ku, Kitakyushu 804, Japan

The electron sheath structure around a cylindrical body with a finite length that is biased to a high positive
potential in a magnetized nonflowing ionospheric plasma with enhanced neutral density is studied. The results of
Monte-Carlo particle-in-cell simulations show that the sheath boundary increases as the neutral density increases
and ionization occurs inside the sheath. There is a critical neutral density above which the sheath expands infinitely,
i.e., sheath explosion. A formula of the critical neutral density is derived through theoretical formulation. The
theoretical results are compared with the results of the simulation, which serves as a numerical experiment, to
check the validity of various assumptions made to derive a simple formula for the critical neutral density. The
theoretical formula predicts that the critical neutral density lies in a narrow range of 6 x 1016 ~ 6 x 107 m~3,
leaving little dependence on the spacecraft surface potential at typical ionospheric conditions.

Nomenclature
a = nondimensional parameter, /[e¢,/ (mewfe)] /7p
B = magnetic field strength, G
b = nondimensional parameter, ., /wp.
c = nondimensional parameter, E;/e¢,
E; = threshold value of impact energy for ionization collision
rate to be nonzero, eV

L, = total electron current to upper half body of spacecraft, A
L = axial half length of trapped zone, m

L. = axial half length of spacecraft, m

m = particle mass, kg

n = particle number density, m=3

Pme = critical neutral density, m™>

q = charge of one superparticle

re = electron collection radius, m

7 = ionization radius, m

ry = radial boundary position, m

rey = Parker—-Murphy radius, m

Ty = spacecraft body radius, m

ry = sheath boundary radius, m

T, = ambient electron temperature, K
v, = electron thermal flux velocity, m/s

Uprsi = secondary ion radial velocity, m/s

w = nondimensional ionization radius, r; /r,
x = nondimensional sheath radius, r,/r,

y = nondimensional collection radius, ./r,
Zr = axial boundary position, m

T, = electron radial flux, 1/m?/s

| = electron axial flux, 1/m%/s

Ay = debye length, m

Ves = effective scattering frequency, s=!

o = ionization collision cross section, m?

{(o7v.) = ionization collision rate averaged over electron velocity
distribution function, m3 s~!

¢ = electric potential, V

op = spacecraft body surface potential, V
Wee = electron gyrofrequency, rad/s

Wpe = electron plasma frequency, rad/s
Subscripts

ai = ambient ion

e = electron
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n = neutral
si = secondary ion

Introduction

HIS paper is the second half of a report that presents the results

of theoretical and computational works on the sheath structure
around a cylindrical body with a finite length that has a high positive
potential of the order of 100 V in ionospheric nonflowing magne-
toplasma conditions. The cylindrical body simulates a spacecraft in
low Earth orbit, although I neglect its orbital motion. The first half
of the report is presented in Ref. 1, where I conducted a theoretical
formulation on the electron density and the potential structure inside
the sheath at the limit of low neutral density and where the neutral
density around the object is equal to the ambient undisturbed values.
The purpose of this paper is to study the effects of enhanced neutral
density on the sheath structure around a cylindrical body with a high
positive potential.

In Ref. 1, I studied the electric sheath structure around a cylin-
drical body with a high positive potential on the order of 100 V.
The cylindrical body had its axis parallel to the magnetic field. It
was found that the electron density near the surface parallel to the
magnetic field, called side surface, can be approximated by a uni-
form density. Near the side surface, the electrons are trapped by the
potential well when they lose their energy by scattering due to col-
lective action of the plasma. The formulas for the uniform electron
density and the radius of sheath boundary at the center of cylin-
der length were derived and checked against computer simulation
results. Those formulas form the basis of this paper.

The neutral density around a spacecraft is significantly enhanced
when it is emitting various neutral gases into space by thruster fir-
ing or outgassing. One report shows the neutral density around the
spacecraft can increase as high as 10'® m=3 when the thruster is fired
for attitude control.? This number becomes higher as we look at a
point closer to the neutral contamination source. In such a situation,
if there is a mechanism that destabilizes the sheath structure, such
as ionization, a large transient current can flow into the spacecraft,
having various undesired side effects on spacecraft operation, such
as electromagnetic interference or surface deterioration.

Cho® studied the electric sheath structure around a cylinder with
an infinite length whose surface was biased to a high positive poten-
tial and surrounded by a water vapor cloud in an ionospheric plasma,
although the magnetic field and the orbital motion were neglected.
The sheath boundary in the radial direction was determined so the
negative charge inside the sheath canceled the positive potential of
the cylinder. When the cylinder was surrounded by a neutral cloud
and ionization occurred inside the sheath, secondary ions accumu-
lated inside the sheath because they move slower than secondary
electrons. The sheath boundary expanded outward to balance the



increase of the positive charge. As the neutral density increased,
there were more secondary ions and the sheath had to collect more
electrons from the ambient plasma by extending the boundary fur-
ther. But this further increased the probability of ionization inside
the sheath by increasing the path length for the electrons to travel
from the sheath edge to the cylindrical body. Above a certain neutral
density, the degree of ionization reached a value so large that the
increase of positive charge could not be balanced no matter how
far the sheath boundary expanded to collect more electrons. This
neutral density is defined as the critical neutral density for sheath
explosion.

In Ref. 3, an expression for the critical neutral density for the
sheath explosion was derived by solving a set of cold fluid equations.
Cho® showed that, for typical ionospheric plasma conditions, the
critical neutral density was between 10'® and 10'®* m~* for surface
potential below 10,000 V. One-dimensional Monte Carlo particle-
in-cell (MC-PIC) simulation was done to check the validity of the
expression, and simulation results showed that the expression gave
a reasonable prediction of the critical neutral density.

Cooke and Katz* studied the case of spherical and planar geome-
tries without magnetic field. From the one-dimensional fluid simu-
lation, Cooke and Katz* showed that the critical neutral density was
in the range 10'® ~ 10" m~3 near 1000 V. Singh and Jaggernauth?
studied one-dimensional spherical geometry with a one-dimensional
fluid simulation code. They studied the unsteady time develop-
ment of the current collection by a conducting spherical body bi-
ase;<71 to §40 V in the enhanced neutral gas environment of ~2.4 x
10" m=.

In this paper, I study the two-dimensional sheath structure around
a cylindrical body with a finite length in nonflowing ionospheric
plasma with geomagnetic field. I examine whether the conclusions
of Refs. 3-5 are still valid when I include the magnetic field.

This paper is divided into two parts. The first part describes the
result of particle simulation to study the effect of ionization on the
sheath structure. I use an MC-PIC code to show that the electric
sheath expands outward because of ionization. In the second part, I
derive a formula for the critical neutral density for the sheath explo-
sion. It is possible to calculate the critical neutral density for a given
set of parameters, ¢, n,, kT.,, r;5, and B, by running many cases of
particle simulations. Unfortunately, such a practice is still too expen-
sive even with today’s computer technology. In the second part of
this paper, therefore, I make many assumptions and approximations
to derive a simple formula that can calculate n,, within seconds by
a desktop personal computer and can allow study of a wide range
of combinations of the parameters. To evaluate the accuracy of the
assumptions and approximations, the MC-PIC simulations are used
as numerical experiments. The final results of the critical neutral
densities calculated by the analytical formula are compared with
the results of MC-PIC simulations.

, MC-PIC Simulation
Simulation Code

The MC-PIC code used in this paper is the same as the one used
in Ref. 1. The computational domain is filled with water vapor
of uniform density n,. I consider a case where the neutral den-
sity around spacecraft is enhanced due to various causes, such as
thruster firing and surface outgassing. Water is chosen as the neutral
species because it is well known to be one of the largest contributors
to outgassing on spacecraft.® Although the MC-PIC simulation is
conducted with the cross-section data of water vapor, the theoret-
ical formulation derived here is applicable to any neutral species
as long as it has an ionization rate similar to that of water shown
in Fig. 1. Also, the simulation with the cross-section data of other
species should give rise to results qualitatively similar to results with
water.

I consider collision cross sections of electron-neutral and ion-
neutral collision as realistic as possible and include elastic, exci-
tation, attachment, ionization, and charge exchange effects. With
more realistic collision cross-section data, better quantitative agree-
ment between the experiment and simulations is possible. In Fig. 1,
I'show the ionization collision rate, which is the product of the colli-
sion cross section and the electron speed, against the electron impact
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Fig. 1 Ionization collision rate of water vapor.

energy. The data are taken from a recommended data set for electron
and H,O collision by Hayashi.” Note that o; v, is almost constant at
impact energies larger than 50 eV. The details of the other collision
cross-section data and their test against available swarm experiment
data are discussed.® The MC-PIC code can reproduce the swarm
experiment data for ionization coefficient and electron and ion drift
velocities within the maximum error of 10% (Ref. 8).

In the MC-PIC simulation, I follow the motion of many super-
particles, which represent groups of real particles. For the ion-to-
electron mass ratio, I use m,;/m, =10 for the ambient ions that
fill the computational domain initially and are injected from the
top and side boundaries. I use my;/m, =100 for the secondary
ions that are produced by ionization. The real mass ratio of sec-
ondary ion to electron is 33,033 for water vapor. To simulate the
space charge effects of the secondary ions correctly, the charge-
to-mass ratio of the superparticles simulating the secondary ions
is set to g;; = 4/(33033/100)|q.|. The detail of this assumption is
documented.? This treatment of g,; is correct to simulate the steady
state but incorrect to follow the unsteady development of ionization-
driven sheath expansion as studied in Refs. 4 and 5. The low mass
ratio of m; still gives the same space charge effect as the real mass
ratio as long as the correction on g,; is made. In Ref. 9, the one-
dimensional simulations with the real mass ratio of m,; were com-
pared with the one-dimensional simulations with various m,; values,
and they gave the same space charge effect, although their timescale
varied according to the square root of m,;. For the ambient ion, the
charge of each superparticle is equal to the absolute value of the
electron charge, i.e., g, = |g.|.

Initially the simulation space is filled with electrons and ions of
Maxwellian distribution of «7,,(=0.2 or 0.1 eV) and «T;(=0.1
eV) and density n,. The grid sizes are Az=Ar=0.02 m for
n, =101 m=3 and Az =Ar=0.04 m for n, =10 m~3, which
correspond to Az/A4 < 2. The total number of superparticles that
initially fill the simulation space is from 10° to 10¢ for each species,
which depends on the size of simulation space but is set so that at
least 10 particles are placed in one grid cell.

The body potential is suddenly raised to a nonzero value ¢, at
time ¢ = 0 and fixed to this value after ¢ = 0. If the sheath explosion
does not occur, the sheath structure reaches a steady state after initial
disturbance. Typically the MC-PIC code is run up to ¢ = 3007/,
with the time step of Az =0.02/w,,. For all of the cases simulated
in this paper, if the steady state is reached, the parameters reach the
steady values by this time. If the steady state is not reached and the
sheath explosion occurs, the sheath explosion occurs earlier than
this time.

MC-PIC Simulation Results

In Fig. 2, I show the potential contours around a cylinder for case
(1) with different n,, while keeping the other parameters the same.
In Table 1 I list the parameters used for the MC-PIC simulations.
The cases shown in Figs. 2a—2g use the same parameters listed for
case (1) in Table 1 except the neutral density. In Fig. 2, the shaded
area denotes the cylinder body. I show the contours of ¢ =0.2, 1,
and 10 V. The contour of ¢ =0.2 V cannot be well-defined be-
cause the plasma oscillation causes fluctuations in the potential
structure near e¢p = k T,,,. As the neutral density around the cylindri-
cal body is increased, charged particle and neutral collision effects
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become evident. At n, =1 x 10!7 m~3, the effect of collisions on
the sheath structure is still small and the degree of ionization inside
the sheath is low. The sheath structure is more or less the same as for
n, = 1.0 x 10'* m~3, The sheath expands slightly at n,, = 2.0 x 107
m~3 if we look at the crossing point of ¢ =1 V contour on the
r axis. Until n, =9.0 x 107 m™3, the sheath keeps increasing.
The expansion occurs in the axial direction as well as in the radial
direction.

The sheath expansion in Fig. 2 is due mainly to ionization inside
the sheath. I ran the MC-PIC simulation again with n, =9.0 x
10'7 m~3 shown in Fig. 2f but artificially set the ionization collision
cross section to zero and kept all of the other collision data the same.
The result is shown in Fig. 2h. Because all of the other collision data
were the same as in Fig. 2f, electron transport across the magnetic
field due to collisional scattering still occurred for this case and
electrons were trapped by losing their energy by collision as well as
by collective action of the plasma. The potential contours are similar
to the lower neutral density case. Therefore, the main cause of the
sheath boundary being pushed outward for Fig. 2f is the positive
charge of secondary ions produced by ionization.

Up to n, =9.0 x 10'7 m~3, the sheath structures shown in Fig. 2
are at steady state. At n, =1.0 x 10'® m~3, however, the steady
state cannot be obtained. The potential contours shown in Fig. 2g
are a snapshot of the electric potential distribution at w7 =531
before the simulation is terminated. At n, = 1.0 x 10'® m~3, there
is a region next to the side surface where the potential is higher than
the body potential ¢, =100 V. This region results from secondary

Table 1 Parameters of MC-PIC simulation

Case Ny, m~ B, G rp, M L.,m ¢,V KTy, €V
1 101! 0.35 0.48 0.48 100 0.2
3 101! 0.35 0.48 0.48 200 02
4 10! 0.35 0.48 0.96 100 0.2
5 101t 035 0.48 0.96 200 02
6 10! 0.35 0.96 0.48 100 0.2
7 1010 0.35 0.48 0.96 100 0.1
8 1010 0.35 0.48 0.96 200 0.1
9 1010 0.35 0.48 0.96 300 0.1
10 1010 0.35 0.48 0.96 400 0.1
il 1010 0.35 0.48 1.92 100 0.1
12 101 0.35 0.24 0.48 100 0.2
13 101! 0.35 0.48 0.48 300 0.2
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ions produced by ionization. The secondary ions move slower than
the secondary electrons, giving additional positive charge, and the
sheath explosion has been observed for all of the cases listed in
Table 1.

In column 2 of Table 2, I1ist the critical neutral density calculated
by the MC-PIC simulations for each case listed in Table. 1. The value
listed is the mean value between the highest neutral density where
there is a steady sheath without sheath explosion and the lowest
neutral density where there is a sheath explosion. In column 2 of
Table 2, the & value indicates the upper and the lower limit on n,,,.

Theoretical Formulation

I now derive a formula for the critical neutral density for the case
of a cylindrical body with a finite length in nonflowing magnetized
plasma. I consider the critical neutral density for the direction per-
pendicular to the magnetic field. The presence of the magnetic field
affects the sheath expansion in two opposite ways. On the one hand,
it increases the probability of ionization for a given radial distance
because electrons rotate in the azimuthal direction by E x B drift,
and the electron path length is longer than in cases when no mag-
netic field is present and electrons move toward the body surface.
Therefore, this effect works to expand the sheath by increasing the
positive charge inside the sheath. On the other hand, the magnetic
field restricts the radial motion of electrons, and electrons move
more slowly in the radial direction than when there is no magnetic
field. This effect works to prevent the sheath from expanding by
increasing the amount of negative charge inside the sheath. One
purpose of this paper is to study whether the overall effect of the
magnetic field works to help sheath expansion and lower the critical
neutral density or prevents sheath expansion and raises the critical
neutral density.

Basic Equations

The sheath boundary is determined by the balance between the
positive and negative charges. I consider the volume of trapped
zone near z =0, which is defined in Fig. 7 of Ref. 1. Because it is
referred to many times in the following discussion, I reproduce it
here as Fig. 3. In Fig. 3, an electron whose radial position at z =2z,
within the radius r, is collected directly by the body before it reaches
z= L. As the positive charge, I consider ambient ions that originate
outside the sheath boundary and the secondary ions produced by
ionization collision between electrons and neutrals inside the sheath.
As the negative charge, I consider electrons that are trapped by the
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Fig. 2 Potential structure for different values of n,, of case (1).
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Table 2 Results of MC-PIC simulation and theory

MC-PIC simulation results

Theoretical results

e, fine, 107 m—3 ry, m Fe, M rr,m Pne, 1017 m~3
Case 107m3 r,m r,m r,m [Eq. (40)] [Eq. (46)] [Eq. (44)] [Eq. (35)] [Eq. (40)]
1 95+£05 110 1.06 0.62 42 1.14 1.07 0.65 32
3 55+£05 127 113 0.78 29 1.35 1.24 0.87 2.8
4 83+07 1.09 093 0.63 2.2 1.14 1.07 . 0.65 32
5 55+05 129 124 0.80 4.1 1.34 124 0.87 2.8
6 63+12 166 141 1.08 1.3 1.73 1.66 1.16 24
7 83+07 132 098 0.68 1.5 1.35 1.07 0.69 1.7
8 45+05 164 1.19 0.90 14 1.64 124 0.98 14
9 35+05 184 129 1.10 1.2 1.85 1.35 1.19 1.2
10 35+£05 208 140 1.26 1.1 203 1.44 1.37 1.1
11 88+12 144 097 0.69 1.0 1.35 1.07 0.69 1.7
12 13+£1.0 077 072 0.34 55 0.8 0.72 0.37 3.9
13 45+05 139 127 0.90 34 1.49 1.35 1.02 26
z A sheath boundiary | ) At the sheath boundary I impose the following boundary condi-
| Lo tions:
type 1 electrons (see
Fyll; 4 of Ref.2 f((n" ! blr=r, =0 @)
definition) travel Tz
inside this boundary fl
I | ¥l 3)
! spacecraft /1 or |, .. re
/
- L nax'lr:r‘r = nelr:q 4)
Justification of Eqgs. (2) and (3) is given in Ref. 1.
- }" = -, > At the sheath boundary, the radial electric field is zero. Therefore,
the first termin the first integral of the left-hand side of Eq. (1)is 0. As
- -L shown in the potential contour plot in Fig. 2a, the potential contouris
almost parallel to the z direction near the side surface. Therefore, the
tangential electric field is much smaller than the radial electric field
at the surface r =r, and I neglect the second integral compared
with the first integral in the left-hand side of Eq. (1). Therefore,
only the second term in the first integral in the left-hand side and

|
I
I
I

Fig. 3 Volume of trapped zone.

potential well by losing their energy by collision or by collective
action of the plasma (type 4 electrons in Ref. 1) and secondary
electrons produced by ionization. Integrating the Poisson equation
in cylindrical coordinates with azimuthal symmetry,

the right-hand side of Eq. (1) remains, and they are rewritten as

+L 9
L Tr ar

For a given set of ¢, and r,, both sides of Eq. (5) are functions
of n, and r,. The total differential of Eq. (5) can be written as

3 + 3
. —rp ﬂ dz | dr,
or; _L ar{ _
r—r,,
3 +h 3
+ ‘ / —r,,i—q—S dz } dn,
on, _L or rerp

+L pry
dz =/ f ’:E(n.\'i'f"nai_ne)r drdz (5)
—-L Jrp o

r=rp

+L ¢ . ¢ .
Fy— —r,—
L\ Ty ‘
r=r. r=rp +L s
d —e
o = j / —(nsi + Ry _n'e)r dr dZ dr.\'
+ — - — rdr
p 32 z=-L dz z=+L +L
9 "
+L ry + : / / _e(n.\'i +nm' "ne)r dr dZ dnn (6)
Y —e g [J_y J,, €
= — (i + ngi —n)rdrdz (N ’
-t Jr, G Rewriting this equation, I obtain
5 +L ) 3 +L prs _
- : —rIp "(i dz ) + _f'(nsi +ngu — ne)r drdz
dr, ny -L ar ” an, | J_L rp €0
— = N

dn, 3 +L 3¢
- -y, ==
arg\J, "oor

dz) - —?——
p

+L prg —e
I:/ / —(ng + Ny —nHrdr dzil
~L ™ €,
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This gives the degree of sheath expansion for a unit increase of the
neutral density.

The sheath explosion occurs when the denominator of the above
equation is zero and dr,/dn, approaches infinity. Therefore, the
condition for the sheath explosion is written as

dz
’I;
/+L/r3 —
~L Jr €o

P

¢

3 +L
—r
ory L P ar

(ngi + i — ne)r dr dZ] = (¥

I assume that all of the parameters included in Eq. (8) are uniform
in the z direction in the volume defined in Fig. 3. Then, the integral
with respect to z can be removed from Eg. (8) and the condition for
the sheath explosion can be obtained as

] ] — (3 [
D2 ez (e
arg ar €0 or,
p rp
') Ts P rs
+ 2 ngrdr — 2 nordr}=0 &)
ary ™ ar, "

Now the problem has been reduced to a one-dimensional problem
in the r direction. Basically this condition is the same for the sheath
explosion discussed in Ref. 3 for the one-dimensional unmagnetized
cylindrical case. An equation similar to Eq. (9) can be obtained by
setting the denominator to 0 in Eg. (15) of Ref. 3. The difference
from Ref. 3 is that the particle densities n;, 1, and n, now depend
on the magnetic field strength.

Particle Density Inside the Sheath

I now consider a way to evaluate the integrals of ny;r, n,r, and
n,r in Eq. (9). For the integrals of the ambient ion density and the
electron density, I can write

G} s ™ N,
2 Rgir dr = ngil, o, 15 + a rdr (10)
ars J,, ¢ rp O
d T " 3n,
< ner dr = n, |, _, 7y +/ an
or, J, , o,

P P

Regarding the secondary ion density at a radius r, I divide
the ions into multiple groups depending on their points of pro-
duction. A group of secondary ions is produced at the rate of
n.n, (0;v.)27r' dr’ dz per unit time between r' — dr’ and r’, where
{0;v,) is the ionization collision rate at point ', which is given by
taking the average of the product of the ionization collision cross
section o; and the electron velocity v, over the electron velocity dis-
tribution function. I denote the number density of those secondary
ions at point r by éng; (r’, r). I assume that this group of ions is
produced only between r’ — dr’ and r'. I neglect the axial velocity
of secondary ions compared with their radial velocity. Then its flow
rate 8n,;v,,; 270 dz is constant at n.n,{o;v,)27xr dr' dz forr > 1.
The secondary ions are accelerated to v, (', r) while they move
from r’ to r. Then the following continuity and momentum equations
can be written as

Sng (r', r)vi (F', r)2mr = nn,(oiv,)2nr dr’ F>r) (12

19 / ’ 2.1 — ’ € a¢
-;5;[3% ' v (r', r) r] = dny(r', r)’—n—; ar (13)

where I neglect the pressure term of the secondary ions compared
with the electrostatic acceleration. I also neglect the effect of colli-
sion on the secondary ion motion because the collision probability
is very small for this case. Substituting the continuity equation into
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the momentum equation [Eq. (13)], and integrating it from »' to r,
I obtain

=/ Qe/mi)\/b () = $(r)
The total secondary ion density at a point r is given as the sum of

all the groups produced between r,, and r. I substitute Eq. (14) into
Eq. (12) and obtain the total secondary ion density at point r as

ny(r) = f5".ri(7', r) =/

r

Ursi (I‘/, r) (14)

neny (o, ) dr’
VUpsi (r/a r)r

RNy (0ive)r'

r' (15)
rp  2e/mgi) /1@ (r") — ¢(r) r
Therefore, the integral of nyr in Eq. (9) is written as
/ n,,rdr_/ / e (01 V! dr'dr (16)
v @2e/mi)N () —d(r)
Critical Neutral Density
1 substitute Egs. (10), (11), and (16) into Eq. (9) and obtain
d d¢ —e [ (dn,; on,
5’:(7‘1,3; )+6_,,/r (W arx)rdl"
'y r
mgi 9 / / Ny {oiv,)r! _nemn(Oivar’ a7
2e ar, ¢ —d(r)

where the first terms of Egs. (10) and (11) cancel each other because
of charge neutrality at the sheath boundary, i.e., n.l,_,, = n.l, —,,.
Because the ambient ion density decreases exponentially inside the
sheath, I neglect (3/dr,)n,; in the integral of the second term in
Eq. (17) compared with (3/dr,)n,. I also assume that the neutral
density is uniform. Then Eq. (17) can be rewritten in the following

form:
[ ¢ " 3n,
—_— — d
e ary (rp ar r>+[p ar_\.rr
My = (18)
m‘, ne(clve ’
dr’dr
V 2e r, / / V) — 60

When the neutral density reaches this value, the denominator of
Eq. (7) becomes 0 and sheath explosion occurs. Therefore, Eq. (18)
is the formula that gives the critical neutral density.

I make various assumptions to simplify Eq. (18) to obtain a for-
mula that can be useful to calculate 7, with the minimum compu-
tation time and study its behavior over a wide range of parameters.
I first list the five major assumptions used in this section. These
assumptions are made only for the parameters inside the volume
defined in Fig. 3,i.e,, ~L <z < Land r, < r < r,: Assumption
(1), all of the parameters are uniform in the z direction inside the
volume; Assumption (2), the ionization collision rate {o;v,) is con-
stant at {o;v, ), betweenr, and r; and 0 between r; and r, (the radius
ry is the point where e¢ = E;, where E; is the threshold value for
ionization, and I call it the ionization radius in this paper); Assump-
tion (3), the electric potential between r,, and r, is approximated

2 bo(ry/r) — [(r - rz)/Z]

by
19
P2 by /ry) = [(r2 -rp)/ﬂ} )

Assumption (4), the electron density between r, and r, is uniform.

Assumptions (1) and (4) are justified by looking at the potential
and electron density near the body surface in the results of MC-PIC
simulations. In Fig. 4, I show the distribution of ¢ at z =0 line for
different values of », below the critical neutral density for case (1)

¢ (r) =¢p{
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of MC-PIC simulations by solid lines. I also show the distribution of
¢ calculated from Eq. (19) by dashed lines. Equation (19) assumes
that the charge density inside the sheath is uniform between r, and
r, and the boundary conditions are given by Egs. (2) and (3) and
¢ = ¢, at r =r,. The same potential distribution was used in Ref. 1
to calculate the electron density inside the sheath. The potential
structures shown in Fig. 4 agree very well with Eq. (19), validating
Assumption (3).

I use Assumption (3) to approximate the electric field at the cylin-
drical surface as

% L p (r12 - r[z}) 20)
dr r=rp rp {r\2 ﬂ'V(r.\'/rp) - [(r\2 - }“12,)/2]}
Then the first term in the numerator of Eq. (18) is written as
€ 9 ¢
e an, \'"or |,
r=rp
_ e,,(i),,2r_\‘{[(rs2 - r;)/Z] - r; [’w(r‘\./rl,)} e

elr2 tatr/rp) = [(2 = ) 2]}
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using Assumption (3), the radius r; is given as the solution of the

following equation:
2 (/) = [(77 = 1) /2]
E; = - 23
7 e¢p [r? Ew(rx/r,,) _ [(r‘z _ r;)/z] 23)

Because the ionization collision rate is 0 for r > r;, the integral in
the denominator of Eq. (18) is rewritten as

s ’ ne (Ui ve>r, ne (Ul ve ol ’
—— dr' dr
¢(r’)—¢(r , Vo) —o(r)
/ f ne (UI ve 0 (24)
) —é(r)
I give the electron density n, by
2 _ .2
n, = 2n,, Dce :‘.2__% (25)
wpe\ T3 -1

Thisis Eq. (20) of Ref. 1, where no ionization was taken into account.
Istill apply this equation even if I now include ionization. Physically,
this means that even if ionization inside the sheath increases the
electron density in the volume of Fig. 3, its effect is hidden by the
effect caused by the increased electron mobility across the magnetic
field and the effect caused by the increased trapping probability due
to nonijonization collision. I take the partial derivative of Eq. (25)
with respect to r, and evaluate the second term in the numerator of
Eq. (18). It is written as

B 4 1 1 d
/ S NI R e i

2o
= nersm (26)

Before I proceed further to simplify Eq. (18), I define the follow-
ing nondimensional parameters:

rfry =x @7
refrp =y (28
rrjry =w 9)

me‘i)” / rp=a (30)

Wee/@pe = b a1
Eijeg, =c (32)

I substitute Eqs. (21), (24), and (26) into Eq. (18) and rewrite it
as

1 2 2 _ _ 2 _ 2 2
L fredy( gy 22D ) [x2 =¥ x> = 1)
(o10)orp ¥ myi b2 bx — [ - D2 2V -1 (2 —y?) (33)
~1 x & !
R e ety e —]
ox Yx, 80 —¥(x, § w Juw Y, E) =¥ (x,§)
Assumption (2) means that ionization is neglected at the points where ¥ (x, £) is a nondimensional potential given by
whose electric potential is low. This is because the ionization col- )
lision rate {o;v.} is very small near the ionization potential. Based Y(x,E) =x2 6 X\ _x- £? 34)
on the ionization collision rate shown in Fig. 1, I approximate the B v & 2

ionization rate by 0 for impact energy less than 50 eV and
(o1v.Yo=1.3 x 1073 (m*s™) (22)

for impact energy larger than 50 eV. Note that E; is different from
the ionization potential, which is 12.7 eV for a water molecule. By

and the nondimensional radius w is determined by the following
equation [see Eq. 23]:
x2 f(x /w) — [(x* — w?)/2]
22 bux - (22 ~ 1)/2]

(35
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After some algebra (see Appendix), the integrals in the denomi-
nator can be approximated by

X 3 ’
/f ; de' d
) G —veD

1 b4 x? 1
~ 2 2 — Z 52 T gin Y~
~ 0.865 [2 x2—1+4 7> 5 sin (x)] (36)

dg ~ [2—’3(;;2 —w?) (37

x p& S/
L[ =
w Ju U, E) — ¥ (x, E) 8

Then I can write

d x2 —y? x2 =1
5;[ x2 -1 \/xzﬂmx—— 2
x £ ’
U 7
1 Y ED) =Y, §)

x 3 ’
_f/ 5 ds'ds] =G, y, w)
w Jw \/llf(x,f’)—lll(x,f)
(3%)

where G(x, y, w) is a nondimensional function of x, y, and w given
by

2_1 2__1
x(yl ) 7 xszx-—x 3
x2—yHz(x2 - 1)2

1 2 1
x {0.865| =/ x2—1+ sz - sin™![ -
2 4 2 X

Gx,y,w)=

2 —y2
_ﬁ"(xz_wz)}+ xz y x bux
5 =1 fx2ax — (2 = 1)/2)
2
x {o 865 B\/x2 -1+ %—xz ~ L sin! (l)]

27 dw

1 substitute Eq. (39) into Eq. (33) and obtain

1 2e¢,

(Gi UZ)(Ir[) myi

Rpe =

F(x,y, w) 40)

where F(x, y, w) is the nondimensional function given by

F(x,y,w)

2 N2
= [«/Eazb[x(x ! —me)/(x2 wa—x2 1) :|
2 2
1 (x*=y*x(3?—-1)
+5 ﬁzxz—_%}/G(x,y,w) “n

I now have a formula for the critical neutral density, which can
be calculated easily once I know the nondimensional sheath radius

x =ry/rp, the nondimensional collection radius y =r./r,, and the
nondimensional jonization radius w =ry/7,. These radii should be
evaluated at the neutral density just below the critical neutral density.
1t is very difficult, however, to define r, and r, at such a condition
even with MC-PIC simulation. As shown in Fig. 4, r, increases
abruptly at the neutral density close to the critical neutral density.
Therefore, I approximate r, and r, by the values of the cases with a
low neutral density where the ionization effect is negligible. I sub-
stitute 7., r,., and r; taken from the result of the MC-PIC simulations
with n,, = 10"® m~2 into Eq. (40) and list the result in column 6 of
Table 2. In the columns 3-5, I list the values of r,, ., and r; used
to calculate column 6, where I approximate r, by

IE()
roa el 42)
ENLZU,TT

by neglecting the contribution of trapped electrons and heated elec-
trons to the total electron current I, to the upper half body of the
cylinder.

Discussion

The critical neutral densities given by Eq. (40) agree with the
actual critical neutral density obtained from the MC-PIC simulation
within a factor of 8 for ¢, =100 V. It agrees beiter at a high po-
tential of ¢, > 200 within a factor of 3. At low potential, Eq. (40)
underestimates the critical neutral density. This comes from the use
of Assumption (2), which means that ionization takes place every-
where between r, and r; at a constant rate of (g;v,), = 1.3 x 1073
m® s~%. For the low potential, ¢, ~ 100 V, this still overestimates
the ionization rate, because the ionization collision rate shown in
Fig. 1 is less than 1.3 x 107'* m® s~! at an impact energy of less
than 120 V. Assumption (2) becomes more realistic at higher ¢,
where most of the points in » < r, give a particle energy higher than
120 V. At the lower potential, the degree of overestimation on the
ionization rate is severe and leads to underestimation on n,,.

Although I would like to study the dependence of n,, on each
parameter of interest, it is very expensive to calculate r,, r., and ry
from the MC-PIC simulations for each case. I therefore consider a
way to express n,,. without the aid of MC-PIC simulations to define
r, and r.. First, I approximate the electron collection radius r, by
the so-called Parker-Murphy radius!”

1

2
rem =rp (1 + [ 2 ) (43)

m,w?, r%

When I use rpy as r., the nondimensional parameter y is given by
Y =142v2a (44)

For the sheath radius r,, I use the result of Ref. 1, where the sheath
radius is given as the solution of the following equation:

(/1) = 1=/ (8edp/m.w2,r2)
(r“./r,,)2 -1

€ Ny Wee 5

,
1y
€0 /2 Wpe !

2
x [(L> z.(’_> _ o1 1} (45)
Tp p 2

This is Eq. (22) of Ref. 1, which neglects the effect of ionization,
although the effect of magnetic field is taken into account. Equa-
tion (45) is nondimensionalized to yield

1 [x2—1—-+/8a ¥ -1
2 = —— ——— 2 VX — ——— 4
a’b 7 ] <x fhx 5 ) (46)

I calculate x from this equation by an iteration method. The nondi-
mensional ionization radius w is obtained by Eq. (35) with x deter-
mined from Eq. (46).

¢p=
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Fig. 5 Critical neutral density n,. against surface potential ¢, for dif-
ferent plasma densities n,: O, theory (n, = 101 m=3); 0, theory (n, =
10" m~3); A, theory (n, = 1012 m—3); e, simulation (z, = 101 m—3);
and M, simulation (n, = 101 m—3),

I can now calculate the critical neutral density for a given set of
my;, (0.}, ¥'p, §p, and @, which defines g, b, and ¢ and gives x, y,
and w from Eqgs. (46), (44), and (35). In column 10 of Table 2, I list
the critical neutral density calculated this way. I also list y, r., and
ry in the columns 7-9, which are used to calculate column 10. The
critical neutral densities calculated in this way agree with the simu-
lation results within a factor of 6 for low potential ¢, =100V anda
factor of 3 for higher potential ¢, > 200 V. The use of Eq. (44) im-
proves the agreement for low potential ¢, = 100 V compared with
column 6 even though I have made more approximations. This is
because the use of rpy as r., which is the upper limit on ., gives an
overestimate of r. and y and leads to an underestimate of the factor
(x? — y%), which appears in the denominator of Eq. (33). Therefore,
the overestimate caused by the use of Eq. (44) somewhat cancels
the underestimate caused by the use of Assumption (2), which is the
major reason for the underestimate at the low potential of 100 V.

In Fig. 5, I plot the critical neutral densities against the surface
potential ¢, for three different plasma densities, which correspond
to low, middle, and high density in the ionosphere. I also plot the
critical neutral densities obtained from the MC-PIC simulations.
At the low potentials, the critical neutral density decreases as the
potential increases. This is because, at the low potential, not all of
the sheath thickness r; — r,, is used for ionization. Ionization occurs
only at a part of the sheath where e¢ (r) > E;. As the surface po-
tential increases, the nonionization part r, > r > ry can be neglected
compared with the ionization part r; > r > r,, and the difference due
to this effect diminishes.

At potentials ~1000 V, the critical neutral density stays at a rela-
tively constant value. At high ¢, I can approximate w =~ x and x2,
y% > 1. Then the dominant term in the numerator of F(x, y, w) in
Eq. (41) is the second term, 3./[(x? — y?)/(x* — D][x(y* — 1)/
(x* — y))]. At high ¢,, this approaches 3[y?/,/(x* — y*)]. The
dominant term in G(x, y, w) is the first term in Eq. (39). At high
¢, this approaches

2 _ 1 2 1
xQy 1 ) _Jx? tox — x
(2 =y (a2 — 1) 2
1 it 2 x2 . -1 1
X 30865 =/x2 =14 —x*— —sin™ | —
2 4 2 x
- —%F-(x2 —wh} ~0.865 24 x+/ bhx 7sz
8 - /37— y2x3 4
1 y?
= 0.865—x v bvx ——ee—
7* box = y2- “7n
Therefore, the function F (x, y, w) approaches
F(x,y,w) =[0.865(/2)xvlx | forhighd,  (48)
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Fig. 6 Critical neutral density n,. against magnetic field strength B
for different plasma densities 7.

Originally these two dominant terms come from dn,/dr,, ie.,
the increase of the electron density due to the increase of r,. From
Eg. (25), the electron density increases as the sheath radius r, in-
creases because the entrance of the flux tube for the trapped elec-
trons at z =z, widens. The increase of the electron density affects
the sheath explosion in two opposite ways. It increases the negative
charge inside the sheath and prevents the sheath from expansion.
This is the effect in the numerator of F(x, y, w). At the same time,
it increases the positive charge by producing more secondary ions
and helps the sheath to expand; this effect is included in the de-
nominator. Because the secondary ion density inside the sheath is
proportional to the electron density [see Eq. (16)], these two effects
cancel each other. Then the critical neutral density approaches

1 [26(]51, 1
{Tive)o mg; Ty &‘/(r.\‘/rp)

Because the sheath radius r, increases as ¢, increases, this leaves
little dependence on ¢, and the critical neutral density remains
nearly constant at high ¢,. The critical neutral density stays in the
very narrow range for the three plasma densities. It stays between
e =1x10Y m=*andn,. =4x10" m=3 for200V < ¢, < 1000V,
It is lower for the lower plasma density, because the sheath radius
r, is larger for the lower plasma density.

To investigate the dependence of n,. on the other parameters, I
plot n,. against B for the three plasma densities at ¢, =1000 V in
Fig. 6. The critical neutral density increases as the magnetic field
strength increases. This is because the stronger B (and higher w,,)
bounds the electron motion more strictly and prevents electrons from
moving radially. Therefore, it increases »n, as indicated in Eg. (25).
The increase of n, leads to a decrease of r,. This can be seen by
looking at Eq. (45). The decrease of r, leads to the increase of n,,
from Eq. (49).

The critical neutral density decreases slightly as r, increases.
This comes from the factor o/[lu(r,/r,)] in Eq. (49). However, at
larger r, ~ 5 m this factor changes little and the dependence of n,,
on r, is small. From the dependence of the critical neutral density
on four parameters—e,, n,, B, and r,—it is concluded that the
critical neutral density lies between a narrow range of 6 x 106 ~
6 x 10'7 m~3 for a surface potential less than 1000 V.

Hae = 0.74 forhigh¢, (49)

Conclusion

Use of high power in future space missions calls for high-voltage
power generation and transmission, typically higher than 100 V. The
operation at high voltage may cause serious interaction between
the spacecraft body and the surrounding plasma. I have studied
the electric sheath structure around a cylindrical body with a finite
length, which has a high positive potential in magnetized nonflowing
ionospheric plasma. The cylindrical body simulates a spacecraft in
low Earth orbit, although its orbital motion is neglected. In this
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paper, I have focused on how the sheath structure changes as the
neutral density around the body increases.

The MC-PIC simulation has shown that the sheath boundary in-
creases as ionization occurs inside the sheath. This is because the
charge balance inside the sheath is broken as slowly moving sec-
ondary ions are produced by ionization. The sheath expands outward
to compensate for the relative loss of negative charge by collect-
ing more electrons from the ambient plasma. The expansion of the
sheath increases the probability of ionization further by increasing
the path length for electrons to travel inside the sheath. Therefore,
there is a positive feedback mechanism to expand the sheath bound-
ary and to create a critical neutral density above which the rate of
ionization is so large that the sheath expands infinitely.

Theoretical formulation has been done to express the critical neu-
tral density as a function of a set of given parameters, such as
cylinder radius, surface potential, magnetic field strength, plasma
density, and ionization collision cross section. The theoretical results
have been compared with the results of MC-PIC simulations, which
serves as a numerical experiment to check the validity of various
assumptions made to derive a simple formula to calculate the criti-
cal neutral density. The theoretical results agree with the simulation
results within a factor of 3 for high surface potentials, i.e., >200 V.
The theoretical formula predicts that the critical neutral density de-
pends little on the surface potential and the cylinder radius. It also
predicts that the critical neutral density increases as the magnetic
field increases. From the parametric study, it is concluded that the
critical neutral density lies in a narrow range of 6 x 10'6 ~ 6 x 10"7
m~3 for a potential of less than 1000 V.

The results presented in this paper have limitations in two ways.
One is that I have studied only the case where the magnetic field
is paralle] to the cylinder axis. Because I have studied a cylinder
geometry whose diameter is comparable to its length, the extension
to a spherical geometry would produce results little different from
this paper. The case where the magnetic field is perpendicular to the
axis of a long cylinder, such as the case of an electrodynamic tether,
however, is a very interesting subject and is left for future work.
The other limitation of this paper is that I have considered only non-
flowing plasma. When these results are applied to the design of real
spacecraft, there are serious limitations because spacecraft motion
is not taken into account. Nevertheless, the theoretical formulation
presented in this paper can be used as a first step to study a more
realistic situation in the future.

Appendix: Derivation of Equations (36) and (37)

From the definition of ¢ (x, £) in Eq. (34), the first integral in the
denominator of Eq. (33) is written as

/X/E f,:’
1 1 'l//(x,g;—/)_l/f(x,f)
S’

x 4

- /1 {/1 VR (E/E) + 17 - £9/2)
I first change £’ to ¢ = £2/£2. Then the inner integral becomes

13 £

/ %

U VX E/E) + €7 - £9)/2]
A !

2 e V-G EY g 1 — 1

The function 1/.,/[—(x%/£%) tn{ + ¢ — 1] increases very rapidly at
¢ ~ 1 as the denominator approaches 0. Therefore, it is sufficient
to consider the contribution only near { =~ 1, and I rewrite

g’ 0
+ ("7~ £%)/2]
A 1 .
2 s EE ) s r -1

dg’d§ = H(x)

dé’} d  (AD

d¢ (A2)

£
/x NSNS

(A3)

CHO

where § is determined later. At ¢ ~ 1,1 can write to¢ ~ ¢ — 1 and
the preceding integral is simplified to

/f g @’
1 VA2 e(E/E) + [E2 - £9)/2]
L2 !
27 i /@D - D+ -1
_YV2 & <_ _
2 x2 — 52 §-2
1 substitute this into Eq. (A1) and obtain

Hi(x) :«/ﬁ/
1

d¢

$2
1) = «/273—2 (A4

x2 —

§-2
—_ AS
— (A5)

This integral can be evaluated exactly to
x 2 x x
- () [ e
1 /X% -2 1o
w/2
=+x2-14 xz-/
i sin~!(1/x)
Vxr—-1+4

cos B cos g do

2
T P |
—)(.'2'--—311'11
2

4

1
3 (A6)

Finally
Hy(x) ~ /28 [%\/xz — 1+ (/x> = (x2/2)sin~ (1 /x)] (AT

If 1 substitute § = 0.374, the values given by Eq. (A7) agree with the
values of H;(x) given by numerically integrating the original equa-
tion [Eq. (Al)] within an error of 2% for x > 4. The disagreement
gets worse for smaller x; it is still only 5% for 3 < x < 4 and 9%
for2.5 <x <3and 17% evenfor2 < x < 2.5.

Likewise, the second integral in the denominator of Eq. (33) is

written as

(x,8)
£

[[ 7=
w Ju '\[/(x!é:/)_
d
w /%2 (E/E) + [E" — £9)/2]

=H2(x)=/ [

(A8)
By changing £’ to ¢ = £72/£2, the inner integral becomes
4 ’
f dé'/
v V2 E/E) +[E” - £9)/2]
1
= ﬁ ! (A9)

d
27 Jug G EY g + 5 - 1
I look at the fact that w=r;/r, is close to x =r,/r, for a large
potential, and I am evaluating the integral only for w < £ < x.
Then, I approximate fn¢ by b ~ ¢ — 1 between w?/£% < ¢ < 1.
Then I can evaluate the integral exactly to

V2 1
Hz(x) 2/ %

1
([ .
gt V/[1— (2/EDIEC ~ 1)

[P (R i [ T,
w 2 \/xz—éfz w \/x2——§2
_ﬁf«/)ﬂ—wz 52 s = 2”(x2_w2)
o2 o [(x2 — w?) — 52 T8
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